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Abstract

A split delta shock is made to provide a way of using it in nonlinear PDEs.
We define a split delta shock and use it for solving Riemann initial data
problem with using entropies and interactions for delta and singular shocks
solutions for a special chromatography model. The obtained solution is
unique in distributional sense.

Introduction:

A split delta shock is a representation of the Dirac delta shock function. The
split delta shocks are introduced in order to solve some systems of
conservation laws without classical solutions (see [1]). The main idea is to
split a physical domain  c RxR+ into pieces with using a simpler
condition- so-called overcompressibility: All characteristics should run into
the shock curve, for the following Riemann problem for simplified

chromatography model
v

e + (1—Z+v)x - 0' vt + (1—u+v)x =0- (1)
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One can also look in [3] about entropies and interactions for delta and
singular shocks solutions. Physical domain for solutions is defined by 1 —
u+v>0o0rv—u>-1.
The Physical domain split into pieces. In the interior of each such piece, one
has a classical solution to the system while a boundary could support a
signed delta measure.

Such a solution is called a split delta shock. The procedure works well if
the system is linear in one of the variables.
2- The definition of split delta shocks
LetQ; # @, i = 1,...,n be afinite family of disjoint open sets with
piecewise smooth boundary curves I',i=1,..,m:Q; N Q; = @, Ui, Q; =
RZ
where (; denotes the closure of Q;. Denote by C(€Q;) the space of bounded
and continuous real- valued functions on Q;, equipped with the L —norm.
Let M(€;), be the space of measures on ;.

Define

cr =TI, cq@) M =T[_ M.
The multiplication of G=G,, ... G,, € Crand D = (D, ...D,,) € M.

is defined to be an element, D.G = (DG4, ..., D,,G,,) € M-where each
component is defined as the usual product of a continuous function and a
measure.

Every measure on ; can be identified with a measure defined on E
with support in Q; . Thus one can define the mapping m in the following
way

m: My — M(R%),m(D) = Dy + D, + -+ Dy,
is divided into two regions Q,, Q,A typical example is obtained when ﬁ
by a piecewise smooth curve x = y(t). The delta function

along the line §(x —y(@®))e M(R?)
x=y(t) can be split in way a non unique way into a left hand sideD~ €
M(€,) and the right — hand component D* € M (£, )such that

§(x —y(®)) = m(ag(t)D™ + a,(t)D™)
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with a,(t) +«, (t) = 1. The solution concept which allows to incorporate
such two sided delta functions as well as shock wave is modeled along the
lines of the classical weak solution concept and proceeds as follows:
Stepl:Perform all nonlinear operations of function in space Cr.
Step2:Perform multiplications with measures in the space M.

Step3:Map the space M into (R__{) by means the map m and embed it into
the space of distributions.

Step4: Perform the differentiation in the sense of distributions and require
that the equation is satisfied in this sense.

Suppose that there exist a two components split delta shock solution.
u(x,t) = {ZS: i ; Ei + (g6~ + 16Dt v(x, t) = {z(l): i ; Ei +
(Bo0™ + B16M)t = (2),
defined in [4]and[5] to some conservation law system linear in one of
solution component, v for definiteness. A construction of an appropriate
entropies and interactions for delta and singular shocks solutions is
straightforward; Put

lima, u, . =%, , lim b, uy . =

£-0 ’ £-0 ’
lima, vy, =y ,limb,v,. = p4.
e-0 ’ e-0 ’
3- Elementary waves and overcompressibility condition
In the case uo > Vo, Ur> v1, there is no elementary waves solution to the
Riemann problem for simplified chromatography model (1), we can try to
substitute the entropies and interactions for delta and singular shocks
solutions(see[3])
Up, x < (c—agt
U, (C—adt<x<ct
Upe, Ct< x<(c—Db)t

U, x> (c— bt

in both equations of the system. All an admissibility criteria for the solution
we will use the overcompressibility condition.
Definition: The system of the form (3) is called overcompressibility
condition if
A1(Uo,vo)=c= A, (ur,vi)

ulx,t )=

~(3)
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i .e. all characteristics should run into curve . One can look in [9] or [10] for
a detailed explanation of that admissibility condition.

Theorem 1: There exists a unique solution to the simplified chromatography
model (1) in the region where u v and 1 — u + v are non — negative. The
solution consists of elementary waves, vacuum states, and satisfies an
overcompressibility condition with split delta shock.

In the sense of distribution the uniqueness holds.

Proof:
The system (1) has the eigenvalues

1
Al(u V) (U V) m

with the approprlate eigenvectorsri=(1.1)andro=(1, 5 ) where the 1—

field is linearly degenerate , while 2- filed is genuinely nonlinear for v # u.
The states when u or v equals to zero (“vacuuminuorv-).

Let us try with a split delta shock solution of the form (1), with the
following initial data

w0 ={ 330 wen={ S,

with the special function (3).

The form (3) is general enough for solving Riemann problem (1) as are
could see below.

Now , suppose that uy, > vy, u; < v; and substitute a function of the form
(3) into the system (1) . For the first equation we have

( et
~ = 71 (u00ep (0, 6) + (o) () ) dx dt
o] t &
= fo Jant (ul,gat<p(x, t) + (“;E)axq;(x, t)) dx dt

1-u +v
bo)t
— I 15 (w00, t)+(1 0,06, ) dx de

f f(c+b )t (ul' Oxp(x,0) + (1 e )6x<p(x t)) dx dt
where ¢ € Cg’(R).
After integration by parts and calculating; we get

L~ = [ (e = ad o((c — adt.t)de - f)7 (;m2=-) o((c — ae, t)de
— [ ure 9((c — at, t)(a)dt — [ (La‘g> o((c —at, t)dt

1—U1‘£+U1'5
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Up e be

+ [ Uz () ((c + bt t)dt + [ (1—u — ><p((c +b.)t, t)dt

+f uy (¢ + be) o((c + be)t, t)) dt+f ( ) ((c + bo)t, t)dt
The sign,, =,, simple means a convergence to zero as € — 0.
Note that
0 oo
+ [ uop(x,0) dx + [ ug 9(x, 0)dx = (u| (=9, )
also
0 oo
+ [ ue @(x,0) dx + [ uze @ (x,0)dx = (ul 4= , @)
that cancels with initial data and we will drop it in the rest of calculations.
since we will use a split delta shock then we put :

1-uq+vq

181_7)7(} Ag U1, =X , llm be uye =1 = (4)

and we used the fact

p((c £ a)t,t) = p(c,t) £ pd.(c,t)act + 0(e?)

also

@((c £ bo)t,t) = p(c, t) + @ (c,t)b,t + 0(e?)

Then we get the following equation

— fooo (c[u] [1 u+v] + (aguye + beuy o )acp(ct, t)) dt

—foo c(aguye + beuy ) + ( et > + ( Uz be >0x<p(ct, )dt =0

1-UqetV1e 1-uUy +v;,

In the sequel, the notation [u] means ui-up and [—] means

Uo

1- u1+171

. The above relation is true if and only if
1- u0+ 0

él_r)r&(as Ue T+ bsuZ,s) =y = clu] - [1—Z+v]
1= ()

llmau lim b:u
50 eUl,e __ _£50 eU2,e

oto = ky = clu] = [(——

llm c(a‘E Uy e + bUs g) = ck1 1 TR
- (6)

)
1+A4A 1+A

c ki = c(xp+ocy) =

We used factv; . —uy, > 4y < @

and vy, — Uy, 2 A <

otherwise, k1,2 would be zero.

With the same method, and with substitution
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t L 1 —utw 1-u+v

For the second equation

vet (1—u+v)x -

Since we using a spilt delta shock, then now we will put:
limazvie =Py , limbg vy =1 = (7)

e-0 ’ e-0 ’

Then we get the following equation:

J.Ooo (c[v] _ [ v ] + (agvlls + bevzjg)aego(ct, t)) dt

1-u+v

— fooo (c(agvl,g n bgvz_g) + ( g V1 + be V2 ¢ )ag tax(Ct, t)) dt=0

1—u1‘g+v1‘g 1—u2_3+v2’g

Then
lsl—rfol( Ag V1, + bsvz,e) =k, = clv] - [1—Z+v]
Bo+ Pr=k, = c[v] - [1—u+v] -8

and

limagv limbg v
£50 e Vie £50 e V2,

lime (a;vye+ bevye) =
Lm , :

c(Bo+B) = chp = Lo+ 2= - (9)

Also the notation here [v] means vi-vo and [L] means——— —
1-u+v 1—u1+U1
Vo
1—u0+170

But sometimes A; > A, the over compressibility (whenA; >1).
Then, we need both

2 > —
1—u0+u0 (1—U1+V1)

and

If A; < oo, then o¢;=f;,and if A; = oo then f; >«;
o= Bo,*x;= By And 4; = c0 . Then Case I: Let Ag <o
So ki =k,
Then from (5) we have
cky — 130 —~ %Al = 0- (10)
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is the same from (9) we have

_ _ Bo B
- (11) = Ockz 1+A,  1+A;

So will use only (10).
Since ki = k2, we conclude that

olul = [ o] = e vl - |
Then

— "
C ( Vl - VO - U1 + uO ) - 1—u1+v1 1—u0+v0

After calculating, we get

_ 1
C - (1—u1+171)(1—u0+v0)
Let us now check the admissibility condition:
Uo,Vo)=c¢ = A.(uy,v1 )N
Uo,Vo)=c=A4, (ui,vi) (A,

=

—Uq Vo—Up

1-If
1 1
1-ug+vy  (A—-uq+v)(1-ug+vg) then 1 > 1-uq+vq
2- If
1 - 1
(I—ug +v9)? ~ (A —u +v)A —ug + vy)
then
1 1
>
1—ug+vy (1—u +v;,)?
3-If
1
(1—uy+v) (A —uy+1vy) = 1—u, +v, then 1—uy+ v, =1
4-1f
1 - 1
(1—-uy +v) A —-ug+vy) — (A—u +vy)2
then

1 1
=
1—ug+vy 1—-u+v;
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Thus , The overcompressive condition is satisfied if

1 >1> 1

1—u.0+170 - - 1—u1+171.

Case 2 : Letone of A1, Az isc (thatis v, — u, — o), say A, = c©.Then
Po =Xg,p1 >x1> kg <k,

From (10) we have

C|(1-ﬂ =0
Ao
and from (11), we have
cka - Bo 0
Ao

since «,= f3, , it follows that k; = k, and that is a contradiction .
Thus only Case 1 is possible.
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