
 

 

عام من مسألة ريماناللشكل لتمثيل موجة الظل لحل صدمة دلتا المنقسمة   

جامعة الزاوية -العجيلات ــ كلية العلوم - د. دلال عبد السلام المبروك ضو  

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
 

: لملخصا  

يتم إجراء صدمة دلتا المنقسمة لتوفير طريقة لاستخدامها في المعادلات التفاضلية   

م الحل نستخد لمالجزئية غير الخطية. صدمة دلتا المنقسمة تمثيل لدالة ) ديراك( دلتا. 

[ مع صدمة دلتا المنقسمة 3ء حل باستخدام أسلوب موجة الظل ]ببناقمنا  الكلاسيكي.

 ريمان.مسألة عام من اللشكل ل
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Abstract 

A split delta shock is made to provide a way of using it in nonlinear partial 

differential equations. It is a representation of the Dirac delta function. We do 

not use classical solution. We construct a solution using shadow wave 

approach [3] with a split delta shock for a general form of Riemann problem. 

1-Introduction  

The aim of this paper is to solve the following general form of Riemann 

problem without classical solutions  

 

𝑢𝑡 + (
𝑎0 + 𝑎1𝑢

𝑣
+
𝑏0 + 𝑏1𝑣

𝑢
)
𝑥
= 0, 𝑢(𝑥, 0) = {

𝑢0, 𝑥 < 0
𝑢1, 𝑥 > 0

 

 (1) 

𝑣𝑡 + (
�̅�0 + �̅�1𝑢

𝑣
+
�̅�0 + �̅�1𝑣

𝑢
)
𝑥

= 0, 𝑣(𝑥, 0) = {
𝑣0, 𝑥 < 0
𝑣1, 𝑥 > 0.

 

 

where u, v ∈ Ω,  Ω ⊂ 𝑅2 is a physical domain, i.e. a set of all possible values 

for (u, v) and �̅�0, �̅�1, �̅�0, �̅�1   denotes to the closure of  𝑎0, 𝑎1, 𝑏0, 𝑏1, 

respectively.  Physical domain for solutions is given by 𝑢 > 0, 𝑣 > 0.  By 
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using the procedure for split delta shock ([1], [5]) as a part of a solution .  A 

split delta shocks are introduced in order to solve some systems of 

conservation laws without classical; solutions (see [1]).  The shadow waves 

are defined by nets of piecewise constant functions for time variable t fixed 

parameterized by some small parameter ε > 0 and bounded in 𝐿𝑙𝑜𝑐
1 (R). A use 

of such parameter enable us to include the split delta function as a part of 

solution. The main idea is to using the most usual admissibility condition is 

that split delta shocks are required to be over compressive, i.e. All 

characteristics should run into the shock curve, with shadow wave (SDW for 

short) (see [3]). Another admissible solution is delta shock with a constant 

strength that propagates along characteristic. It is called a delta contact 

discontinuity (see [1] or [8]).  That is possible for systems having a linearly 

 ,0u((lues for a speed c and a locus Lwe get a va general,degenerate field. In 

curve.  )) being a 0v 

2- A construction of SDW solution with split delta shock 

    Suppose that there exist a two components split delta shock solution. 

 

 𝑢(𝑥, 𝑡) = {
𝑢0
𝑢1
 
,   𝑥 ≤ 𝑐𝑡
,   𝑥 ≥ 𝑐𝑡

+ (𝛼0𝛿
− + 𝛼1𝛿

+)𝑡 , 𝑣(𝑥, 𝑡) = {
𝑣0
𝑣1
 
, 𝑥 ≤ 𝑐𝑡
, 𝑥 ≥ 𝑐𝑡

+

(𝛽0𝛿
− + 𝛽1𝛿

+)𝑡        (2),  

 

defined in [10]and[11] to some conservation law system linear in one of 

solution component, v for definiteness. In [12] one can look about the 

definition of split delta shocks. The values (𝛼0 + 𝛼1)𝑡  and (𝛽0 + 𝛽1)𝑡  are 

called strength of a split delta shock. For a given point (u0, v0) in a physical 

domain Ω ⊂ 𝑅2 for (1), a set of all (u1,v1) in the domain such that there exists 

a split delta shock connecting these states is called split delta locus denoted 

by  L((u0,v0)).  

     A construction of a convenient SDW solutions (see [3]) is straightforward, 

by putting 

𝑢1,𝜀 = 𝑢,    𝑢2,𝜀 = 𝑣,     𝑙𝑖𝑚
𝜀→0

 𝑎𝜀𝑢1,𝜀 =∝0 ,      𝑙𝑖𝑚
𝜀→0

𝑏𝜀 𝑢2,𝜀 =∝1  

also 
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𝑙𝑖𝑚
𝜀→0

𝑎𝜀𝑣1,𝜀 = 𝛽0 , 𝑙𝑖𝑚
𝜀→0

𝑏𝜀𝑣2,𝜀 = 𝛽1 

 

3- The overcompressibility condition of the SDW solution with split 

delta shock  

 

In this part we can try to substitute the SDW solution with using the procedure 

for split delta shock (see [3]) to the general form of Riemann problem (1). To 

satisfy the admissibility criteria for SDWs we will use the overcompressibility 

condition. 

       The simple SDW given by the following formula 

 

𝑢(𝑥, 𝑡) =

{
 
 

 
 
𝑢0     ,          𝑥 < (𝑐 − 𝑎𝜀)𝑡

𝑢1,𝜀   ,        (𝑐 − 𝑎𝜀)𝑡 < 𝑥 < 𝑐𝑡

𝑢2,𝜀  ,           𝑐𝑡 < 𝑥 < (𝑐 + 𝑏𝜀)𝑡

𝑢1 ,               𝑥 > (𝑐 + 𝑏𝜀)𝑡

                                                                  (3)     

while 𝑎𝜀, 𝑏𝜀 are smooth functions equal zero at t = 0 with growth order less 

or equal to ε.   

Definition: The SDW of the form (3) is called overcompressive condition if 

 

 𝜆1( u0 , v0 ) ≥ c ≥ 𝜆2 ( u1 , v1 ) 

i .e. all characteristics should  run into curve . One can look in [9] or [10] for 

a detailed explanation of that admissibility condition. 

 

Now we can construct SDW solution with split delta shocks in the following 

theorem. 

Theorem1: The general form of the Riemann problem (1) has a unique 

solution in the region where u and v are non- negative. The solution satisfies 

SDW solution with split delta shock of the form of the simple SDW (3). 

 

 Proof:  

We can try to substitute a simple shadow waves solution (3) in both equations 

of the system (1), we will use the procedure for split delta shock 
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 For the first equation of (1) we have 

 

𝐼1 ≈ −∫ ∫ ((𝑢0𝜕𝑡 𝜑(𝑥, 𝑡) + (
𝑎0+𝑎1𝑢0

𝑣0
+

(𝑐−𝑎𝜀)𝑡

−∞

∞

0

𝑏0+𝑏1𝑣0

𝑢0
)𝜕𝑥𝜑(𝜕𝑥(𝑥, 𝑡)) 𝑑𝑥 𝑑𝑡  

 

−∫ ∫ (𝑢1,𝜀𝜕𝑡  𝜑(𝑥, 𝑡)
𝑐𝑡

(𝑐−𝑎𝜀)𝑡
+
𝑎0+𝑎1𝑢1,𝜀

𝑣1,𝜀
+
𝑏0+𝑏1𝑣1,𝜀

𝑢1,𝜀
)𝜕𝑥𝜑( 𝑥, 𝑡)𝑑𝑥 𝑑𝑡

∞

0
  

 

−∫ ∫ 𝑢2,𝜀𝜕𝑡𝜑(𝑥, 𝑡) + (
𝑎𝑜+𝑎1𝑢2,𝜀

𝑣2,𝜀
+
𝑏𝑜+𝑏1𝑣2,𝜀

𝑢2,𝜀
)𝜕𝑥𝜑(𝑥, 𝑡)𝑑𝑥 𝑑𝑡

(𝑐+𝑏𝜀)𝑡

𝑐𝑡

∞

0
  

 

−∫ ∫ (𝑢1𝜕1𝜑(𝑥, 𝑡) + (
𝑎0+𝑎1𝑢1

𝑣1
+
𝑏0+𝑏1𝑣1

𝑢1
))𝜕𝑥𝜑(𝑥, 𝑡)𝑑𝑥 𝑑𝑡

∞

(𝑐+𝑏𝜀)𝑡

∞

0
  

where 𝑎𝜀 , 𝑏𝜀~𝜀 

 

 After integration by parts and calculation, we get 

𝐼1 ≈ ∫ 𝑢0(𝑐 − 𝑎𝜀)𝜑((𝑐 − 𝑎𝜀)𝑡, 𝑡)
∞

0
𝑑𝑡 − ∫ (

𝑎0+𝑎1𝑢0

𝑣0
+
𝑏0+𝑏1𝑣0

𝑢0
)

∞

0
 𝜑((𝑐 −

𝑎𝜀)𝑡, 𝑡)𝑑𝑡  

 

+∫ 𝑢1,𝜀𝜑(𝑐 − 𝑎𝜀)
∞

0
𝑡, 𝑡) (𝑎𝜀)𝑑𝑡 − ∫ 𝑢1,𝜀𝜑(𝑥, 0)𝑑𝑥

∞

0
  

 

−∫ (
𝑎0+𝑎1𝑢1,𝜀

𝑣1,𝜀
+
𝑏0+𝑏1𝑣1,𝜀

𝑢1,𝜀
)

∞

0
(𝑎𝜀)𝜑 ((𝑐 − 𝑎𝜀)𝑡, 𝑡)𝑑𝑡  

 

+∫ 𝑢2,𝜀(𝑏𝜀)𝜑((𝑐 + 𝑏𝜀)𝑡, 𝑡)
∞

0
𝑑𝑡 + ∫ 𝑢2,𝜀𝜑(𝑥, 0)𝑑𝑥

∞

0
  

 

−∫ (
𝑎0+𝑎1𝑢2,𝜀

𝑣2,𝜀
+
𝑏0+𝑏1𝑣2,𝜀

𝑢2,𝜀
)

∞

0
𝑏𝜀 𝜑 ((𝑐 + 𝑏𝜀)𝑡, 𝑡)𝑑𝑡  

 

−∫ 𝑢1(𝑐 + 𝑏𝜀)𝜑((𝑐 + 𝑏𝜀)𝑡, 𝑡)
∞

0
𝑑𝑡 + ∫ (

𝑎0+𝑎1𝑢1

𝑣1
+
𝑏0+𝑏1𝑣1

𝑢1
) ((𝜑(𝑐 +

∞

0

𝑏𝜀)𝑡, 𝑡)𝑑𝑡  

The sign , , ≈,, means a convergence to zero as ε → 0. 
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Note that 

∫ 𝑢0𝜑(𝑥, 0)𝑑𝑥
0

−∞
∫ 𝑢1𝜑(𝑥, 0)𝑑𝑥
∞

0
=< 𝑢|𝑡=0, 𝜑 >  

 

and 

∫ 𝑢1,𝜀𝜑(𝑥, 0)𝑑𝑥
0

−∞
∫ 𝑢2,𝜀𝜑(𝑥, 0)𝑑𝑥
∞

0
=< 𝑢|𝑡=0, 𝜑 >  

 

that cancels with initial data and we will drop it in the rest of calculations.  

and we used the fact 

𝜑((𝑐 ± 𝑎𝜀)𝑡, 𝑡) = 𝜑(𝑐, 𝑡) ± 𝜑𝜕𝑡(𝑐,𝑡)𝑎𝜀𝑡 + O(𝜀
2)  

also 

 𝜑((𝑐 ± 𝑏𝜀)𝑡, 𝑡) = 𝜑(𝑐, 𝑡) ± 𝜑𝜕𝑡(𝑐,𝑡)𝑏𝜀𝑡 + O(𝜀
2)  

where   𝑢1,𝜀 ,  𝑢2,𝜀~
1

𝜀
  

 

Since we using a split delta shock, then we put 

 

𝑙𝑖𝑚
𝜀→0

𝑎𝜀𝑢1,𝜀 =∝0   , 𝑙𝑖𝑚
𝜀→0

𝑏𝜀𝑢2,𝜀 =∝1  

 

also   𝑙𝑖𝑚
𝜀→0

𝑎𝜀 𝑣1,𝜀 = 𝛽0   , 𝑙𝑖𝑚
𝜀→0

𝑏𝜀𝑣2,𝜀 = 𝛽1 

 

Then we get the following equation  

 

I1 ≈ −∫ (𝑐[𝑢] − [
𝑎0 + 𝑎1𝑢

v
+
𝑏0 + 𝑏1v

u
] + (𝑎𝜀u1,ε + bεu2,ε)𝜑(ct, t)) dt

∞

0

−∫ c(( 𝑎𝜀𝑣1,𝜀 + 𝑏𝜀𝑣2,𝜀  ) +
∞

0

(
𝑎0 + 𝑎1u1,ε

𝒗𝟏,𝜺

+
b0 + b1v1,ε

u1,ε
)𝑎𝜀

+ (
𝑎0 + 𝑎1𝑢2,𝜀

𝑣2,𝜀
+
b0 + b1v2,ε

u2,ε
)bε )t ∂x φ(ct, t)dt

≈ 0                                 (4) 
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Here we will name the following part of above equation (4) by (A) 

 

(
𝑎0+𝑎1u1,ε

𝒗𝟏,𝜺
+
𝑏0+𝑏1𝑣1,𝜀

𝑢1,𝜀
)𝑎𝜀 + (

𝑎0+𝑎1𝑢2,𝜀

𝑣2,𝜀
+

𝑏0+𝑏1𝑣2,𝜀

𝑢2,𝜀
) bε                                                                     (A)  

 

With the same argument, and with substitution 

 

𝑢𝑡 → 𝑣𝑡  , (
𝑎0+𝑎1𝑢

𝑣
+
𝑏0+𝑏1𝑣

𝑢
) → (

�̅�0+�̅�1𝑢

𝑣
+
�̅�0+�̅�1𝑣

𝑢
)  

  

for the second equation 

 

𝑣𝑡 + (
�̅�0 + �̅�1𝑢

𝑣
+
�̅�0 + �̅�1𝑣

𝑢
)
𝑥

= 0, 𝑣(𝑥, 0) = {
𝑣0, 𝑥 < 0
𝑣1, 𝑥 > 0.

 

 

 we get the following equation 

 

𝐼2 ≈ −∫ (𝑐[𝑣]− [
�̅�0+�̅�1 𝑢

𝑣
+
�̅�0+�̅�1 𝑣

𝑢
] + (𝑎𝜀𝑣1,𝜀 + 𝑏𝜀𝑣2,𝜀)𝑎𝜀𝜑(𝑐𝑡, 𝑡))

∞

0
𝑑𝑡  

   

−∫ (𝑐( 𝑎𝜀𝑣1,𝜀 + 𝑏𝜀𝑣2,𝜀) + (
�̅�0+�̅�1𝑢1,𝜀

𝑣1,𝜀
+
�̅�0+�̅�1𝑣1,𝜀

𝑢1,𝜀
)𝑎𝜀 + ( 

�̅�0+�̅�1𝑢2,𝜀

𝑣2,𝜀
+

∞

0

�̅�0+�̅�1𝑣2,𝜀

𝑢2,𝜀
)  )𝑏𝜀 𝑡𝜕𝑥𝜑(𝑐𝑡, 𝑡)𝑑𝑡 ≈ 0                                                                                             

   (5) 

 

.In part (A), if both  𝑢𝑖,𝜀 , 𝑣𝑖,𝜀~
1

ε
 ,  i=1,2,  then ∝0+∝1= 0 since all terms in 

(A) tend to zero. 

The part (A) is not zero if and only if  𝑢𝑖,𝜀 ,  𝑣𝑖,𝜀       tend to a constant. 

For  example , 𝑢1,𝜀 ≈ 𝐴1 ,     
𝑏0+𝑏1𝑣1,𝜀

𝑢1,𝜀
𝑎𝜀 ≈

𝑏1

𝐴1
𝛽0 

 

Then we have the following cases: 
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Case I:  Only one of   𝑢𝑖,𝜀  , 𝑣𝑖,𝜀 , 𝑖 = 1,2  𝑖𝑠 𝑛𝑜𝑡 
1

𝜀
 

 

Say that  𝑢1,𝜀~
1

𝜀
,  𝑢2,𝜀~

1

𝜀
, 𝑣1,𝜀~

1

𝜀
,  𝑣2,𝜀 ≈ 𝐵2 

 

(all other cases are the same). Then from the equation (4), we have 

 

∝0+∝1= 𝑘1,   

That implies 

𝑎0 + 𝑎1𝑢1,𝜀
𝑣1,𝜀

𝑎𝜀 ≈ 0 ,
𝑏0 + 𝑏1𝑣1,𝜀

𝑢1,𝜀
𝑎𝜀 ≈ 0 

 

𝑎0 + 𝑎1𝑢2,𝜀
𝑣2,𝜀

𝑏𝜀 ≈
𝑎1
𝐵2
∝1  ,

𝑏0 + 𝑏1𝑣2,𝜀
𝑢2,𝜀

𝑏𝜀 ≈ 0 

Then  

𝑐𝑘1 +
𝑎1
𝐵2
∝1= 0             (6) ⇔ 𝑐(∝0+∝1) +

𝑎1
𝐵2
∝1= 0 

Now from the equation (5), we have 

𝛽0 + 𝛽1 = 𝑘2, 𝑡ℎ𝑒𝑛  𝛽0 = 𝑘2,   𝛽1 = 0 

 

 

 

That implies 

�̅�0 + �̅�1𝑢1,𝜀
𝑣1.𝜀

𝑎𝜀 ≈ 0 ,   
�̅�0 + �̅�1𝑣1,𝜀

𝑢1.𝜀
𝑎𝜀 ≈ 0 

�̅�0 + �̅�1𝑢2,𝜀
𝑣2.𝜀

𝑏𝜀 ≈
�̅�1
𝐵2
∝1 ,   

�̅�0 + �̅�1𝑣2,𝜀
𝑢2,𝜀

𝑏𝜀 ≈ 0 

then 

𝑐𝑘2 +
�̅�1
𝐵2
∝1= 0                     (7) ⇔ 𝑐(𝛽0 + 𝛽1) +

�̅�1
𝐵2
∝1= 0 

      

where u and  v are non-negative, ∝0,1 ϵ[0,  𝑘1], β0,1ϵ[0, 𝑘2]. 

 

Thus from (6) and (7), we have 
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𝑐 = −
𝑎1
𝐵2

∝1
𝑘1
= −

�̅�1
𝐵2

∝1
𝑘2
    and SDW exists only if  

𝑎1
�̅�1
=
𝑘1
𝑘2

 

   

The Speed c is uniquely determined from the equation 

 

(𝑐[𝑢] − [
𝑎0+𝑎1𝑣

𝑢
+
𝑏0+𝑏1𝑢

𝑣
]) �̅�1 = (𝑐[𝑣] − [

�̅�0+�̅�1𝑣

𝑢
+

�̅�0+�̅�1𝑢

𝑣
]) 𝑎1                                           (8)  

 

•If 𝑣1,𝜀 ≈ B1 and others are
1

𝜀
,  then SDW exists only if  

𝑎1

�̅�1
=

𝑘1

𝑘2
, too . 

•If 𝑢1,𝜀 ≈ A1 and others are
1

𝜀
,  then SDW exists only if  

𝑏1

�̅�1
=

𝑘1

𝑘2
.  

•The same for 𝑢2,𝜀 ≈ 𝐴2 (c is different)  

 

         In all these cases c is uniquely determined as in (8).     

 

Case II:    let   𝑢2,𝜀 ≈ 𝐴2, 𝑣2,𝜀 ≈ 𝐵2, 𝑢1,𝜀 ,  𝑣1,𝜀~
1

𝜀
 

 

(the same for other side 𝑢1,𝜀 ≈ 𝐴1, 𝑣1,𝜀 ≈ 𝐵1) 

 

From the equation (4) , we have ∝0= 𝑘1, and from equation (5),

we have 𝛽0 = k2   

Then all 

 

 
𝑎0+𝑎1𝑢1,𝜀

𝑣1,𝜀
𝑎𝜀 → 0,   

𝑏0+𝑏1𝑣1,𝜀

𝑢1,𝜀
𝑎𝜀 → 0, 

 
𝑎0+𝑎1𝑢2,𝜀

𝑣2,𝜀
𝑎𝜀 → 0,   

𝑏0+𝑏1𝑣2,𝜀

𝑢2.𝜀
𝑎𝜀 → 0  

 

And 

    𝑐𝑘1 + 0 ≈ 0       𝑡ℎ𝑒𝑛   𝑘1 = 0 
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The same for the second equation 

 

𝑎0 ⟼ �̅�0 ,  𝑎1 ⟼ �̅�1 , 𝑏0 ⟼ �̅�0, 𝑏1 ⟼,𝑏1̅  

 

 Then from the equation (5), we have 

 𝑐𝑘2 + 0 = 0, 𝑡ℎ𝑒𝑛    𝑘2 = 0 

 

And there are no SDW ( both 𝑘1, 𝑘2 = 0) 

 

Case 3:   𝑢2,𝜀 ≈ 𝐴2, 𝑣1,𝜀 ≈ 𝐵1, 𝑢1,𝜀~
1

𝜀
,    𝑣2,𝜀~

1

𝜀
    (different sides are 𝛿 in 

u and v), 

Then from (4), we have  

∝0= 𝑘1,  

                       And from (5) we have 

                                                                      𝛽1 = 𝑘2 

Thus the equation(4) implies that 

𝑐 𝑘1 +
𝑏1
𝐴2
𝛽1 +

𝑎1
𝐵1
∝0= 0                                                                  (9) 

 

Since  β1 = 𝑘2,   ∝0= 𝑘1        

 

Then 

   (𝑐 +
𝑎1
𝐵1
)𝑘1 +

𝑏1
𝐴2
𝑘2 = 0                                                                (10) 

 

Also the equation(5) implies that  

𝑐𝑘2 +
�̅�1
𝐵1
∝0+

�̅�1
𝐴2
𝛽1 = 0 

 

Then  

�̅�1
𝐵1
𝑘1 + (𝑐 +

�̅�1
𝐴2
)𝑘2 = 0                                                                   (11) 
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We can find solution for  c (quadratic equations ) from (10), 𝑐 = 𝑐1,2, 

 

 and from (11), 𝑐 = 𝑐3,4  

 

Then condition for SDW is that one of these holds 

 

𝑐1 = 𝑐3𝑜𝑟 𝑐1 = 𝑐4 𝑜𝑟𝑐2 = 𝑐3 𝑜𝑟 𝑐2 = 𝑐4  

 

One has to check whether some for these solutions are physical (u, v≥ 0, 

etc.) 

 

 

Case 4: Only  one of 𝑢𝑖,𝜀 , 𝑣𝑖,𝜀 𝑖𝑠 
1

𝜀
 

 

Say that    𝑢1,𝜀~
1

𝜀
,  𝑢2,𝜀 ≈ 𝐴2,  𝑣1,𝜀 ≈ 𝐵1,  𝑣2,𝜀 ≈ 𝐵2 

Then from (4), we have  

 

∝0= 𝑘1, 

                      and from (5), we have 

  𝑘2 = 0 

Thus that implies  

𝑐 =
[
�̅�0+�̅�1𝑢

𝑣
+
�̅�𝑜+�̅�1𝑣

𝑢
]

[𝑣]
          

 

is determined 

Then from (4), we have  

 

𝑐𝑘1 +
𝑎1
𝐵1
∝𝑜= 0 

1k=0                                                                    αsince  

 

Then                                                           c=− 
𝑎1

𝐵1
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Thus SDW exists if  

 

𝐵1 = −
[𝑣]𝑎1

[
�̅�𝑜+�̅�1𝑢

𝑣
+
�̅�𝑜+�̅�1𝑣

𝑢
]
≥ 0 

 

If  𝑢1,𝜀 ≈ 𝐴1 ,  𝑢2,𝜀~
1

𝜀
,  𝑣1,𝜀 ≈ 𝐵1,  𝑣2,𝜀 ≈ 𝐵2, then we get that 

𝐵1 = 𝐵2 

Now, with the same  argument, say    𝑢1,𝜀 ≈ 𝐴1 ,  𝑢2,𝜀 ≈ 𝐴2,  𝑣1,𝜀 ~
1

𝜀
,  𝑣2,𝜀 ≈

𝐵2 

Then from (4), we have  

 

𝛽0 = 𝑘2, 

                      and from (5), we have 

  𝑘1 = 0 

Thus that implies  

𝑐 =
[
𝑎0+𝑎1𝑢

𝑣
+
𝑏0+𝑏1 𝑣

𝑢
]

[𝑢]
          

 

is determined. 

 

Then from (4), we have  

 

𝑐𝑘2 +
�̅�1
𝐴1
𝛽𝑜 = 0 

since                                                                  𝛽0 =

𝑘2                                                                   

 

Then                                                           c=− 
�̅�1

𝐴1
 

 

Thus SDW exists if  
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𝐴1 = −
[𝑢]�̅�1

[
𝑎0+𝑎1𝑢

𝑣
+
𝑏0+𝑏1 𝑣

𝑢
]
≥ 0 

 

 

If         𝑢1,𝜀 ≈ 𝐴1 ,  𝑢2,𝜀 ≈ 𝐴2,  𝑣1,𝜀 ~
1

𝜀
,  𝑣2,𝜀 ≈ 𝐵2, then we get that 

 

𝐴1 = 𝐴2. 

 

4-Conclusion 

 

We constructed solution to the system (1) using shadow wave solution with a 

split delta shock, In the cases 1,3and 4 there exist shadow wave solution. The 

solutions obtained by shadow wave with a split delta shock are 

overcompressive. The overcompressibility condition is not sufficient to case 

2 because there is no shadow wave which is not satisfy admissibility criteria 

condition, the wave tends to zero as t tends to zero. Of course, there are a lot 

of specific situations. For a real model one has to check  whether (u1,v1)∈ Ω 

and an admissibility condition for split delta shocks,  too. 
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