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Abstract
A split delta shock is made to provide a way of using it in nonlinear partial
differential equations. It is a representation of the Dirac delta function. We do
not use classical solution. We construct a solution using shadow wave
approach [3] with a split delta shock for a general form of Riemann problem.
1-Introduction
The aim of this paper is to solve the following general form of Riemann
problem without classical solutions

ap+au by +bvy _(ug, x<0
ut+( 7 T u >x_0' u(x,O)—{ul' x>0

(1)

o+ @yu b+ bv\ (v, x<0
Ve + ( - + ” =0, v(x,0) = {Vp >0,
X

where u,v € Q, Q c R? is a physical domain, i.e. a set of all possible values
for (u, v) and @, a;,by,b;  denotes to the closure of ag,aq, by, by,
respectively. Physical domain for solutions is given by u > 0,v > 0. By
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using the procedure for split delta shock ([1], [5]) as a part of a solution . A
split delta shocks are introduced in order to solve some systems of
conservation laws without classical; solutions (see [1]). The shadow waves
are defined by nets of piecewise constant functions for time variable t fixed
parameterized by some small parameter € > 0 and bounded in L}, (R). A use
of such parameter enable us to include the split delta function as a part of
solution. The main idea is to using the most usual admissibility condition is
to be over compressive, i.e. All that split delta shocks are required
characteristics should run into the shock curve, with shadow wave (SDW for
short) (see [3]). Another admissible solution is delta shock with a constant
strength that propagates along characteristic. It is called a delta contact
discontinuity (see [1] or [8]). That is possible for systems having a linearly
degenerate field. In general, we get a values for a speed ¢ and a locus L((uo,
Vo)) being a curve.
2- A construction of SDW solution with split delta shock
Suppose that there exist a two components split delta shock solution.

_ (U0, x<ct _ + _(Vo, x <ct
u(x,t)—{ull x20t+(a°6 + a6 )t,v(x,t)—{vl’ x26t+

(BoS™ + B8 (D),

defined in [10]and[11] to some conservation law system linear in one of
solution component, v for definiteness. In [12] one can look about the
definition of split delta shocks. The values (a, + a;)t and (B, + f1)t are
called strength of a split delta shock. For a given point (uo, Vo) in a physical
domain Q < R? for (1), a set of all (us,v1) in the domain such that there exists
a split delta shock connecting these states is called split delta locus denoted
by L((uo,v0)).

A construction of a convenient SDW solutions (see [3]) is straightforward,
by putting

Ue = U Upe =D, Lim AUy, =X, é%be Upe =Xq

-0

also
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lima.v, e = Po, limb.v, . = B
-0 -0

3- The overcompressibility condition of the SDW solution with split
delta shock

In this part we can try to substitute the SDW solution with using the procedure
for split delta shock (see [3]) to the general form of Riemann problem (1). To
satisfy the admissibility criteria for SDWs we will use the overcompressibility
condition.

The simple SDW given by the following formula

u(x,t) =
(Uo x<(c—ayt

Ue , (c—at<x<ct

Upe ct <x < (c+by)t 3)
|u1, x> (c+ bt

\

while a,, b, are smooth functions equal zero at t = 0 with growth order less
or equal to €.
Definition: The SDW of the form (3) is called overcompressive condition if

A(uo,vo)=c=2, (ur,vi)
i .e. all characteristics should run into curve . One can look in [9] or [10] for
a detailed explanation of that admissibility condition.

Now we can construct SDW solution with split delta shocks in the following
theorem.

Theoreml: The general form of the Riemann problem (1) has a unique
solution in the region where u and v are non- negative. The solution satisfies
SDW solution with split delta shock of the form of the simple SDW (3).

Proof:
We can try to substitute a simple shadow waves solution (3) in both equations
of the system (1), we will use the procedure for split delta shock
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For the first equation of (1) we have

~ = [ (uodt p(x, £) + (ke
0

”°+”1”°)ax<p(a (x,£)) dx dt

Aot+a Uy ¢ b0+b1v18

+ )0, p(x,t)dx dt

f f(cct a )t(ul 0 (x,t) +

_ J-Ooo f(C+bg)t uzjgat(p(x, t) + (ao+a1u2,g + bo+b1v2,g) ax(p(x' t)dx dt

ct V2,e Uz,

— Iy Jicrnae <u161<p<x, ) + (Gt 4 "°”’1”1)> 0,0 (x, O)dx dt

Ug

where a., bo~¢

After integration by parts and calculation, we get
L = f0°° up(c — a)p((c — ag)t, t) dt — (a0+v€(l)1uo N b0+b1v0) o((c -
aé‘)tp t)dt

+ [ urep(c — a) t,6) (a)dt — [, uy (x, 0)dx

_J‘ <a0+a1u18 + b0+b1U1 S) (as)(p ((C —_ ae)t t)dt

+ [ U s (b)p((c + bt, t) dt + [ up . (x, 0)dx

_ fOOO <a0+a1u2,g + b0+b1v2r£) b, @ ((C + bg)t: t)dt

V2,e Uz,

— Jy wi(c + b ((c + b)t £y dt + [ (2T 4 2T (g (c +
V1
b)t,t)dt
The sign ,, =,, means a convergence to zero as € — 0.
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Note that
0 0
J_ o w00 (x,0)dx [ usp(x, 0)dx =< uli=g, ¢ >

and
0 ]
f_wul,s¢(x' 0)dx fo Uz e (x, 0)dx =< ulp=o, ¢ >

that cancels with initial data and we will drop it in the rest of calculations.
and we used the fact

p((c ta)t,t) = p(c,t) £ d. (c,t)ast + 0(e?)
also

@((c £ bt t) = p(c, t) £ d (ct)bet + 0(e?)
where uy g, u2,8~§

Since we using a split delta shock, then we put
limagu, , =%, , limb,u,, =%,

-0 ’ £-0 ’

also lima,v,, =B, , limb,v,, = B,
-0 ’ £-0 ’

Then we get the following equation

*© a, +a,u by + byv
I ~ _] <c[u] _ [ e ] + (@guye + beuy e )p(ct, t)) dt
0

\% u

ao + al ul,s

- f C(( AV ¢ + bevz,s ) + <
0
by, + byv

+ 0 1 1,?,)(1E

Up e

vl,e

ap, + a,u by + byv
+< 0o 1re 0 1 “) b, )t 8, @(ct, t)dt
Vz,e u2,£
~ 0 (4)
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Here we will name the following part of above equation (4) by (A)

(a0+a1u1‘g + b0+b1171'g> a + (a0+a1u2'£ +
&
Ve Uy e Va,e
bo+b1vz.e
Uz,e

With the same argument, and with substitution

aptaiu + b0+b1v) N (do':;alu + 50+51v)

ut_)vt’( v u

for the second equation

C_lo + C_llu BO + Blv _ _ Vo, X <0
v + ( St =0, v(x,0) = {UL >0,
X

we get the following equation

I, ~ — fooo (c[v] - [domlu + E°+fl v] + (agvie + bevye)acp(ct, t)) dt

v

(o8] do+dlu1,g Eo+l_71171,g do+dlu2'5
— fo (c( acvye + bsvz,s) + ( + a. + | —2£+

Vi,e Uge Va,e
Bo+B
M) )b, td,p(ct, t)dt ~ 0

Uz,e

5)

In part (A), if both u; , vi,£~§, i=1,2, then «<y+o¢;= 0 since all terms in

(A) tend to zero.

The part (A) is not zero if and only if u; . v;. tend to a constant.

b0+b1U1‘g

b
For example , u; . = A, a, ~ A—1ﬁ0
1

U1,

Then we have the following cases:
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. . 1
Case I: Onlyoneof u;.,v;,, i =12 isnot -
1 1 1
Say that u1'£~;, u2‘£~;, vl’g"’;, 172‘8 =~ Bz

(all other cases are the same). Then from the equation (4), we have

Xg+o = kyq,
That implies
Ao+ aqlUq e by + b1vy e
—a, =0, —a, =
Ul,s ul,e
Ao + AUy, aq by + byv, ¢
e X5 Xy, e~
Vye 2 Uy e
Then
a; a;
ck; + —x;=0 (6) & c(xg+x;) +— ;=0

B,
Now from the equation (5), we have
Bo + b1 = ka, then By =k, B1=0

B,

That implies
Ao + AUy ¢ b, + 51771,8 0
vle e ’ _ul.s_ e
C_lo + C_lluz‘g (il bO + blvz’g
e X o Xy, e~ 0
Vye B, Uy e

then

ay a;

cky, +——o;=0 (M) e c(fo+ 1)+ x=0
B, B,

where u and v are non-negative, «, ; €[0, k1], Bo1€[0, k-]

Thus from (6) and (7), we have
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a, X a, « a k
c=—-——-—"2=—-2"1 andSDWexistsonly if — = —
BZ kl BZ kz a, k2

The Speed c is uniquely determined from the equation

(e~ 5224 22 = ot - 254

u v
bo+byy
) a (8)
If v; . & B; and others are 2, then SDW exists only if 2 = ﬁ, too.
) £ a k2
f u; . = A, and others are 1, then SDW exists only if hoh
€ £ 1 k2

°The same for u, . =~ A, (c is different)

In all these cases c is uniquely determined as in (8).

1
CaSE ” let uZ’g =~ AZ, vz'g =~ Bz, ullg, v1,£~;

(the same for other side u, . ~ A;, v, ~ By)

From the equation (4) , we have «<,= k;, and from equation (5),
we have , =k,

Then all
apg+aiu bg+bqv
0 1“41,¢ ag N 0, 0 1Y1,e ag BN 0’
Vi, U1,
apg+aqu bo+bqv
0 1U42.¢ ag N O, 0 1Y2,e ag - 0
Va,e Uz.e
And

ckiy+0=0 then k; =0
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The same for the second equation

ag — Gy, a1 ¥ a1, bg — by, by —,by

Then from the equation (5), we have

Ck2+0=0,

then k, =0

And there are no SDW ( both k4, k, = 0)

1 1 - . .
Case 3: up, =~ A,, v = By, Ure™~=, Vae™~7 (different sides are § in

uandv),
Then from (4), we have
Xo= kq,
And from (5) we have
B =k,
Thus the equation(4) implies that
by a;
Ckq +A_231+B_1°<0=0 €))
Since B4 = k,, %Xy=k;
Then
a, by
(C+B_1)k1+A_2k2 =0 (10)
Also the equation(5) implies that
a b
ck, +B_1 oc0+A—2ﬁ1 =0
Then
ﬁk1+<c+—1>k2=0 (11)
B, A,
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We can find solution for ¢ (quadratic equations ) from (10), ¢ = c¢; 5,
and from (11), ¢ = ¢34

Then condition for SDW is that one of these holds

C1 = C30T7 C{ = C4 OTCy = C3 O Cy = C4

One has to check whether some for these solutions are physical (u, v>0,

etc.)

.1
Case 4: Only oneofu; ., v;.is .

1
Say that u1,£~;, uZ‘g = Az, vl’g = Bll vz’g =~ BZ

Then from (4), we have

OC0= kll
and from (5), we have
kz = 0
Thus that implies
[a0+a1u n EO+Elv]
v
c =
[v]
is determined
Then from (4), we have
ey + L 0
— .=
Crq B, °
since ao=Kki
Then c=— %
1
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Thus SDW exists if

1
If u .~ A, Upe~ =, Vi = By, v, = B;, then we get that

B, =B,
Now, with the same argument, say u;. = A1, Uy = Ay, Vq¢ ~§, Vye =
B,
Then from (4), we have
Bo = ka,
and from (5), we have
ki =0

Thus that implies

[a0+a1u + b0+b1 'U]

c = v u
[u]
is determined.
Then from (4), we have
b,
Ckz + A_lﬁo = 0
since Bo =
ke
Then c=— b
Aq

Thus SDW exists if
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[u]b,
[a0+a1u + b0+b1 v]
(4 u

A1=_ >0

1
If ul‘g = Al ) uz‘g = Az, vl,é‘ ~z, 7.72‘5 = Bz, thel’l we get that
Al = Az.
4-Conclusion

We constructed solution to the system (1) using shadow wave solution with a
split delta shock, In the cases 1,3and 4 there exist shadow wave solution. The
solutions obtained by shadow wave with a split delta shock are
overcompressive. The overcompressibility condition is not sufficient to case
2 because there is no shadow wave which is not satisfy admissibility criteria
condition, the wave tends to zero as t tends to zero. Of course, there are a lot
of specific situations. For a real model one has to check whether (ui,vi)€ Q
and an admissibility condition for split delta shocks, too.
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